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We discuss the role of two-neutron transfer processes in the fusion reaction of
the 9,11Li + 208Pb systems. We first analyze the 9Li + 208Pb reaction by taking
into account the coupling to the 7Li + 210Pb channel. To this end, we assume that
two neutrons are directly transferred to a single effective channel in 210Pb and solve
the coupled-channels equations with the two channels. By adjusting the coupling
strength and the effective Q-value, we successfully reproduce the experimental fusion
cross sections for this system. We then analyze the 11Li + 208Pb reaction in a similar
manner, that is, by taking into account three effective channels with 11Li + 208Pb,
9Li + 210Pb, and 7Li + 212Pb partitions. In order to take into account the halo
structure of the 11Li nucleus, we construct the potential between 11Li and 208Pb
with a double folding procedure, while we employ a Wood-Saxon type potential
with the global Akyu¨z-Winther parameters for the other channels. Our calculation
indicates that the multiple two-neutron transfer process plays a crucial role in the
11Li + 208Pb fusion reaction at energies around the Coulomb barrier.
PACS numbers: 24.10.-i, 25.70.Jj
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I. INTRODUCTION
Fusion is a process in nuclear reactions in which a projectile nucleus collides with a target nucleus
and then the two nuclei are merged into a new compound nucleus. The compound nucleus formed
in fusion reaction is in general highly excited, and it decays by emitting gamma ray(s), neutron(s),
proton(s), and alpha particle(s). The nuclear fusion plays an important role in the energy generation
in the stellar evolution as well as in the quest for superheavy elements production. See Refs. [1–5]
for recent reviews.
Fusion cross sections are strongly influenced by the Coulomb barrier, which is constructed as a
sum of the repulsive Coulomb and an attractive nuclear potentials. While the charge numbers of the
projectile and the target nuclei provide the strength of the repulsive Coulomb potential, the mass
numbers are related to the strength for the attractive nuclear potential. When the incident energy is
lower than the Coulomb barrier height, most of the flux does not pass through the Coulomb barrier
and is scattered elastically. In this situation, the fusion takes place only by quantum tunneling.
As the incident energy increases, the fusion cross sections also increase [6], and eventually coincide
with the classical fusion cross sections (see e.g., the “Wong formula” [7, 8] obtained in the parabolic
approximation to the Coulomb barrier).
Recently, various radioisotope (RI) neutron-rich beams, such as 6,8He, 9,11Li, 11Be and 16,19C, have
been produced thanks to the remarkable advances in the radioisotope beam technology. The fusion
process of such radioisotopes has attracted lots of attention. In fact, a large number of experimental
works have been carried out to measure total fusion cross sections of e.g., 6He + 209Bi [9, 10], 11Be
+ 209Bi [11], 11Li + 208Pb [12], 6He+238U [13], 6,8He+197Au [14], and 15C+232Th [15] systems. Many
theoretical studies have also been performed by taking into account the characteristic features of
weakly-bound neutron-rich nuclei, such as a halo structure and a low energy threshold for breakup
processes [16–20].
In this paper, we discuss fusion reactions of the 9,11Li + 208Pb systems, in which the 11Li nucleus
is a typical example of weakly-bound halo nuclei [21–23]. Even though the fusion of the 9Li nucleus
is considered to provide reference cross sections in discussing the fusion of the 11Li nucleus, the
standard coupled-channels calculations have faced difficulties in reproducing the experimental data.
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For instance, the fusion cross sections for the 9Li+70Zn system are largely underestimated at energies
below the Coulomb barrier even if the collective excitations in the colliding nuclei as well as the
ground-state-to-ground-state two-neutron transfer channel are taken into account [24]. The fusion
of the 9Li+208Pb system also shows a similar difficulty [12, 25]. Our fist motivation in this work
is to investigate whether the experimental data for the 9Li+208Pb system can be accounted for
when one considers the two-neutron transfer to excited states, rather than to the ground state.
We then discuss the fusion of the 11Li+208Pb system, which couples to the 9Li+208Pb system. Our
second motivation in this paper is to discuss whether one can describe the fusion of 11Li+208Pb and
9Li+208Pb systems in a consistent manner by taking into account the multi two-neutron transfer
process. One-neutron transfer is also possible process. But, for Borromean nuclei like 11Li, the
one-neutron transfer is known to be much less probable than the two-neutron transfer, as confirmed
in the data for 6He +65Cu system [26].
The paper is organized as follows. In Sec. II, we first analyze the fusion of the 9Li+208Pb
system, by taking into account the two-neutron transfer channel. We then discuss the fusion of
11Li+208Pb system in Sec. III, using the result of the calculation for the 9Li+208Pb system. We
finally summarize the paper in Sec. IV.
II. 9Li+208Pb FUSION REACTION
We first analyze the 9Li+208Pb fusion reaction. For simplicity, we ignore the effect of the collective
excitations in the colliding nuclei, which is expected to be small for this system [25]. Instead, we
take into account the two-neutron transfer 208Pb(9Li,7Li)210Pb channel, whose ground-state-to-
ground-state Q-value is Qgg = +3.0 MeV. An important fact is that the transfer to the ground
state may not be the dominant process when the transfer Q-value is positive [27]. Rather, from
the viewpoint of the Q-value matching, the transfer to excited states would be more plausible. In
order to investigate the effect of such process, we here solve the coupled-channels equations [3, 28]
by including the transfer channel. To this end, we follow Ref. [27] and introduce a single effective
channel for the transfer partition. The resultant coupled-channels equations read,

K + V2(r)− E F2→3(r)
F2→3(r) K + V3(r)− (E +Q23)



 ψ2(r)
ψ3(r)

 = 0, (1)
where the channels 2 and 3 denote the 9Li+208Pb and the 7Li+210Pb systems, respectively. Here, K
is the kinetic energy (with the centrifugal potential) and Vi(r) (i=1,2) is the inter-nucleus potential
for each partition. Q23 is the effective Q-value for the two-neutron transfer process, which is
determined by fitting to the experimental fusion cross sections, while F2→3(r) is the coupling form
3
factor.
In the calculations presented below, we employ the Akyu¨z-Winther (AW) potential [29] for the
nuclear part of Vi(r), whose parameters have been globally determined. The actual values for
the parameters are given in Table 1, together with the height, the position, and the curvature of
the Coulomb barrier. For the coupling form factor, we use a derivative form of the Woods-Saxon
potential [30], that is,
F2→3(r) = Ft
d
dr
(
1
1 + exp((r − Rcoup)/acoup)
)
. (2)
Table 1: The depth, the radius, and the diffuseness parameters for the nuclear Woods-Saxon potential for
each channel in the 9Li + 208Pb reaction. These are based on the global Akyu¨z-Winther (AW) potential [29].
The barrier height, Vb, the barrier position, Rb, and the barrier curvature, ~Ω, are also shown for each
potential.
Channel V0 (MeV) r0 (fm) a0 (fm) Vb (MeV) Rb (fm) ~Ω (MeV)
9Li + 208Pb (channel 2) 47.500 1.177 0.636 29.1 11.5 4.07
7Li + 210Pb (channel 3) 47.347 1.177 0.625 29.6 11.3 4.71
Table 2: The effective transfer Q-value and the parameters for the coupling form factor given by Eq. (2),
obtained by fitting the results of the coupled-channels calculations to the experimental data. Here, rcoup is
defined as Rcoup = rcoup(A
1
3
p +A
1
3
t ), where Ap and At are the mass number of the projectile and the target
nuclei, respectively.
Q23 (MeV) Ft (MeV fm) rcoup (fm) acoup (fm)
−3.204 51.367 1.357 0.264
The solid (black) line in the left panel of Fig. 1 shows the result of the two-channel calculation
for fusion cross sections. In order to draw this curve, we exploit a fitting process to the experimental
data and find the optimum values for the four adjustable parameters, that is, the effective Q-value,
Q23, and Ft, Rcoup, and acoup in the coupling form factor, Eq. (2). The optimum value for these
parameters are listed in Table 2. One can see that the experimental fusion cross sections are well
reproduced with this calculation. For comparison, the figure also shows the coupled-channels (CC)
calculation with collective excitations in the colliding nuclei (but with no transfer coupling; the blue
dotted line) as well as the single-channel calculation (the green dot-dashed line). For the former
4
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Fig. 1: (Color online) The total fusion cross sections (the left panel) and the fusion barrier distribution,
d2(Eσ)/dE2 (the right panel) for the 9Li + 208Pb system. The black solid lines denote the results of the
two-channel calculation, which takes into account the two-neutron transfer process, while the blue dashed
lines are obtained by including the collective excitations in the colliding nuclei. The result of the single
channel calculation is denoted by the green dot-dashed lines. See text for details. The experimental data
are taken from Ref. [25].
CC calculation, we include the rotational excitation to the first excited state at 2.69 MeV in 9Li
with the quadrupole deformation parameter of β2 = 0.469 [31] as well as the vibrational coupling
to the 3−1 state in
208Pb at 2.615 MeV with the deformation parameter of β3 = 0.111. As has been
shown in Ref. [25], the collective excitations alone do not account well for the experimental data.
In the right panel of Fig. 1, we present the fusion barrier distribution defined by d2(Eσ)/dE2
[32]. The experimental fusion barrier distribution is extracted from the experimental fusion cross
sections using a point difference formula. One can see that the barrier distribution is significantly
widened by the transfer coupling. This brings in the low energy strength in the barrier distribution,
which eventually results in the large enhancement of subbarrier fusion cross sections shown in the
left panel of Fig. 1.
III. 11Li+208Pb FUSION REACTION
We next discuss the fusion of the 11Li+208Pb system. To this end, we again neglect the collective
excitations of the colliding nuclei and focus on the transfer couplings. Although the breakup of 11Li
would also play a role in the fusion reaction, we neglect it in the present calculation. For weakly
bound nuclei, large transfer cross sections are often observed experimentally at energies below the
Coulomb barrier [13, 14], and thus the role of transfer couplings is expected to be as important
as the breakup channel. Since the role of transfer couplings in the fusion of weakly bound nuclei
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has not been well clarified, we here concentrate on the transfer couplings, leaving the simultaneous
treatment of the transfer and the breakup channels for an interesting future work.
Introducing effective transfer states as in the previous section, we thus solve the following three-
channel problem:

K + V1(r)− E F1→2(r) 0
F1→2(r) K + V2(r)− (E +Q12) F2→3(r)
0 F2→3(r) K + V3(r)− (E +Q12 +Q23)




ψ1(r)
ψ2(r)
ψ3(r)

 = 0, (3)
where the channels i= 1, 2 and 3 correspond to the 11Li+208Pb, 9Li+210Pb and 7Li+212Pb systems,
respectively. In this equation, we have neglected the direct coupling between the channels 1 and 3,
as the direct four-neutron transfer process is quite unlikely.
A. Internuclear potential for each channel
We first determine the inter-nucleus potential for each channel, Vi(r), in Eq. (3). For the second
and the third channels, we employ the Akyu¨z-Winther potential [29], as in the previous section. The
actual values for the parameters are listed in Table 3. Because the mass number of the projectile
and the target is different only slightly, those values are close to the parameters for the 9Li+208Pb
system listed in Table 1.
Table 3: Same as Table 1, but for the 11Li + 208Pb reaction. The potential for the channels 2 and 3 is
based on the Akyu¨z-Winther potential, while the parameters for the channel 1 are obtained by fitting the
double folding potential to a Woods-Saxon form.
Channel V0 (MeV) r0 (fm) a0 (fm) Vb (MeV) Rb (fm) ~Ω (MeV)
11Li + 208Pb (channel 1) 90.309 1.090 0.852 27.3 12.1 3.04
9Li + 210Pb (channel 2) 47.304 1.178 0.636 29.0 11.5 4.06
7Li + 212Pb (channel 3) 47.298 1.177 0.626 29.6 11.29 4.70
For the potential for the 11Li + 208Pb channel, on the other hand, one expects a large deviation
from the Akyu¨z-Winther potential due to the halo structure of the 11Li nucleus [33]. In order to
take into account the halo structure, we employ a folding potential approach [34] and construct the
potential as,
V (r) =
∫
dr1
∫
dr2ρp(r1)ρt(r2)vNN (|r− r1 + r2|) , (4)
where ρp(r1) and ρt(r2) are the density distribution for the projectile and target nuclei, respectively.
For the effective nucleon-nucleon interaction, vNN , we here employ the M3Y interaction [35] with
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the zero-range approximation to the knock-on exchange term given by
vNN(r) = −2134
e−2.5r
2.5r
+ 7999
e−4r
4r
− 275.81 δ(r), (5)
where the value of each parameter is given in units of fm or MeV. For the density distribution for
the target nucleus, we use the Woods-Saxon form,
ρt(r) =
ρ0
1 + exp
(
r−c
z
) , (6)
with c=6.67 fm, z=0.545 fm and ρ0= 0.157 fm
3 for 208Pb [36]. For the projectile nucleus 11Li, we
assume that it is comprised of a core nucleus 9Li and two valence neutrons due to the halo structure.
The projectile density is then given by
ρp(r) = ρc(r) + ρ2n(r), (7)
where ρc(r) is the core density and ρ2n(r) is the density for the valence neutrons. The folding
potential, Eq. (4), is thus also divided into two parts,
V (r) = Vc−t(r) + V2n−t(r), (8)
with
Vc−t(r) =
∫
dr1
∫
dr2 ρc(r1)ρt(r2)vNN (|r− r1 + r2|) , (9)
V2n−t(r) =
∫
dr1
∫
dr2 ρ2n(r1)ρt(r2)vNN (|r− r1 + r2|) . (10)
In the following, we replace the interaction between the core and the target nuclei, Vc−t(r), with
the Akyu¨z-Winther potential for the 9Li+208Pb system. For the interaction between the valence
neutrons and the target, following Ref. [34], we employ the dineutron cluster model and introduce
a Yukawa function for the density of the valence neutrons, that is,
ρ2n(s) = ρ0
e−2κs
s2
, (11)
where ρ0 = κ/pi, κ being determined from the two-neutron separation energy, S2n = 0.369 MeV,
and s is the distance between the core nucleus and the center of mass of the two valance neutrons.
The solid (black) lines in Fig. 2 show the folding potential for the 11Li+208Pb so obtained. The
left panel shows the valence-target potential, while the right panel shows the total potential, which
includes the valence-target and the core-target nuclear potentials as well as the Coulomb potential
between the projectile and the target nuclei.
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Fig. 2: (Color online) The potential for the 11Li+ 208Pb fusion reaction. The left panel shows the potential
between the valence neutrons in 11Li and the target nucleus, while the right panel is for the total potential
including the Coulomb potential. The (black) solid lines denote the folding potential, while the (red)
dashed lines show its fit with a Wood-Saxon potential.
In order to discuss properties of the potential, we fit this potential with a Woods-Saxon function.
The resultant potential is shown in Fig. 2 by the dashed (red) lines, whose parameters are listed in
Table 3. One can see that the folding potential can be well fitted with the Woods-Saxon potential
for r larger than 8 fm. Note that fusion cross sections are insensitive to the details of the nuclear
potential for the smaller values of r, due to the strong absorption inside the barrier, and thus we
actually use the fitted Woods-Saxon potential in the calculations presented in the next subsection.
Because of the halo structure of 11Li, the potential for the 11Li+208Pb system shows different
behavior compared to the potential for the other systems. Since the Coulomb barrier is lowered, the
potential is deeper than those potentials for the channels 2 and 3. Moreover, the value of diffuseness
parameter, a0, is significantly larger, reflecting the extended density distribution of the
11Li nucleus.
This results in a smaller value of the barrier curvature, as shown in Table 4. We mention that this
feature has been treated as a long-range interaction in Ref. [37].
B. Results of the coupled-channels calculations
Finally, we solve the coupled-channels equations, Eq. (3), and calculate fusion cross sections for
the 11Li+208Pb system. In order to reduce the number of adjustable parameters, we assume that
the effective Q-value, Q23, and the parameters for the transfer coupling form factor for the coupling
between the channels 2 and 3 are the same as those determined in the previous section (see Table
2), even though the mass numbers are slightly different. The number of adjustable parameter is
now reduced to four, that is, the effective Q-value and the parameters for the form factor for the
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coupling between the channels 1 and 2. These are determined by fitting the calculated result for
fusion cross sections to the experimental data, as has been done in the previous section for the
9Li+208Pb system. The resultant fusion cross sections are shown in the (black) solid line in the left
panel of Fig. 3, whereas the resultant parameters are shown in Table 4. The theoretical uncertainties
for Q and Ft for the coupling from the channel 1 to 2 are estimated to be Q = +8.346
+1.163
−0.897 MeV
and Ft = 40.227
+2.45
−2.136 fm, respectively, for which we have used the χ-square fitting with the fixed
values for rcoup and acoup.
Table 4: Same as Table 2, but for the 11Li + 208Pb reaction. The parameters for the coupling between the
channels 1 and 2 are obtained by fitting to the experimental data, while those for the coupling between the
channels 2 and 3 are taken to be the same as those in Table 2. The Q-value for the ground-state-to-ground
state transfer between the channels 1 and 2 is Qgg= +8.852 MeV.
Channel Q (MeV) Ft (MeV fm) rcoup (fm) acoup (fm)
1→ 2 +8.346 40.227 1.666 0.857
2→ 3 −3.204 51.367 1.357 0.264
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Fig. 3: (Color online) The total fusion cross sections (the left panel) and the fusion barrier distribution,
d2(Eσ)/dE2, (the right panel) for the 11Li+ 208Pb system. The (black) solid lines show the results of the
three-channel coupling model with the 11Li+ 208Pb, 9Li+ 210Pb, and 7Li+ 212Pb channels, while the (blue)
dotted lines show the result obtained by switching off the transfer coupling between 9Li+ 210Pb and 7Li+
212Pb. The (green) dot-dashed lines show the results of the single-channel calculation. The experimental
data are taken from Ref. [12].
For comparison, the figure also shows the results of the single-channel calculation (the (green)
dot-dashed line). One can see that the fusion cross sections are largely overestimated in this
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calculation at energies above the barrier. But, if we take the neutron-transfer channel into account,
they becomes compatible with the experimental data, as shown in the dashed (blue) line. This
is due to the transfer coupling with a large positive Q-value [38, 39], for which the higher energy
peak in the barrier distribution carries more weight than the lower energy peak, as is evident in the
right panel in Fig. 3. The Coulomb barrier is thus effectively shifted towards high energy, reducing
the fusion cross sections at energies above the barrier. At energies below the Coulomb barrier, on
the other hand, fusion cross sections in the coupled-channels calculations are largely enhanced as
compared to the fusion cross sections in the single-channel calculation due to the lower energy peak
in the barrier distribution, even though it carries only a small weight.
In order to investigate the role of the third channel, we also present by the (blue) dotted lines the
result of the two-channel calculation obtained by switching off the coupling between the channels
2 and 3. One can see that the coupling to the 7Li+212Pb channel, that is, the multi two-neutron
transfer channel, plays a significant role, even though the main effect comes from the single two-
neutron transfer channel, i.e., the coupling between the channels 1 and 2.
IV. CONCLUSION
We have calculated total fusion cross sections for the 9,11Li +208Pb systems, for which the 11Li
nucleus has a halo structure, by taking into account multiple two-neutron transfers in the coupled-
channels approach. To this end, we have constructed the nuclear potential for the 11Li +208Pb
channel with the double folding procedure based on the dineutron cluster model. We have employed
the global Aku¨z-Winther potential for all the other channels. By adjusting the effective transfer
Q-values and the parameters for the coupling form factors, we have successfully reproduced the
experimental fusion cross sections for both the systems simultaneously. This clearly indicates that
(multi-) neutron transfer channels owing to the positive Q value, specifically for 11Li channel, play
an important role in fusion of weakly bound nuclei. We did not include the breakup channel in
this work since we expected that the breakup channel does not affect much cross-sections for total
fusion at energies above the Coulomb barrier owing to the large gap between the Coulomb barrier
and the breakup channel Q value.
For fusion of the 11Li +208Pb system, the experimental data exist only at four energy points.
This has prevented us to uniquely determine the parameters, especially the effective Q-values for
the transfer couplings. In order to gain a deeper insight into the role of transfer couplings in fusion
of weakly bound nuclei, it would be helpful if total fusion cross sections for this system will be
measured in near future at more data points, especially at energies below the Coulomb barrier.
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